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Abstract 


A field is a fundamental algebraic structure that finds extensive applications in algebra and various mathemat- 
ical domains. On the other hand, a Q-complex neutrosophic soft set (Q-CNSS) is a unique hybrid model that 
combines the characteristics of soft sets and neutrosophic sets within a complex number framework. It utilizes 
the effectiveness of Q-set as a powerful tool in the domain of this particular model. In this article, we leverage 
this model to define fields under uncertainty. We present the Q-complex neutrosophic soft field (Q-CNSF) and 
examine the unique algebraic properties associated with this model. Additionally, we explore the relationships 
between Q-CNSF and Q-neutrosophic soft field (Q-NSF). Furthermore, we define the Cartesian product of Q- 
CNSFs and delve into the relevant properties. Through this comprehensive exploration, our aim is to enhance 
the understanding of Q-CNSFs and their properties, ultimately contributing to the field of algebraic analysis 
and its practical applications in handling uncertainty and vagueness. 


Kewords: Complex neutrosophic soft set; Q-complex neutrosophic soft set; Q-neutrosophic soft field; Q- 
neutrosophic soft set. 


1 introduction 


In real-life situations, human thinking faces many situations that are fully hidden, uncertain, and impartial. 
To translate these positions and to handle the outlined uncertainties, Smarandaché!| provided the definition of 
a neutrosophic set (NS), since the preserve is not able to handle the outlined issues. On the other hand, one 
of the Russian researchers set out to introduce a new mathematical tool called the soft set (SS) 2 This set is 
distinguished by giving a more accurate description of the data on daily life issues. The NSs and SSs attracted 
the attention of researchers around the world to present many research works that have wide applications. 
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As a combination of SS and NS in several environments, scholars proposed different models with a more pow- 
erful ability to process real-life problems. For instanceS/4l discusses the topic in the context of soft computing, 
whildH covers its import to analysis andl to graph theory, complex analysis //l41) and algebraic acini 
Additionally, Palanikumar et al!!*! proposed many methods to solve design-making problems. A multi-criteria 
decision-making approach was introduced by Broumi et al/4l when they extended NSs to plithogenic set. Al- 
Sharqi et al 15] came oprah NSS in matrix form and showed its application to real-life problems. Working on 
NSSs Al-Quran et al!!® also presented some studies with some applications. Some researchers! also give 
similarity measures between NS-sets and some of their properties and applications. 


On the opposite side,since its inception in 1971 with the pioneering work of Rosenfeld the study of fuzzy 
abstract algebra has continued to captivate the attention of numerous researchers. Over the years, the academic 
landscape has been enriched by the emergence of numerous scholarly papers exploring a wide array of fuzzy 
substructures within algebraic systems. Within this extensive body of literature, one particular focus of investi- 
gation has been the fundamental algebraic structure known as fields. Extensive research has been conducted by 
Malik and Mordesor2on the subject of fuzzy subfields, where they thoroughly examined their fundamental 
properties. Based on this foundation, Mordesor22/ delved into the exploration of fuzzy field extensions, verify- 
ing the connection between fuzzy sets and finite fields. Anandh and Giri24] conducted an in-depth analysis of 
the concept of intuitionistic fuzzy subfields in relation to (T, S)-norms. Bera and Mahapatra4investigated the 
structural characteristics of neutrosophic soft field. This work was further expanded upon by Abu Qamar et 
al.25l who extended the study to the realm of Q-neutrosophic soft fields. In the complex setting, Gulzar et al 28 
extended the discourse on complex fuzzy sets by introducing a novel concept of complex fuzzy subfields. This 
advancement involved the incorporation of a second dimension into the membership function of a fuzzy set, 
resulting in a significant expansion of the concept and its applications in complex space. Khamis and Ahmad2 
introduced a novel structure called the Q-complex intuitionistic fuzzy subfield, which originated from the ex- 
isting framework of complex fuzzy subfields. This new model expands the scope of investigation beyond TM 
values to include both TM and FM function values. 


On the other hand, Ali and Smarandaché#l coined the concept of complex neutrosophic set (CNS) as an 
extension of neutrosophic sets (NSs) . To further enhance its practicality in solving decision-making problems, 
Broumi et al! extended the CNS framework by proposing the notion of complex neutrosophic soft sets 
(CNSS). Expanding on these advancements, Al-Quran et al/2230 took the CNSS framework even further 
by introducing the concept of Q-complex neutrosophic soft sets (Q-CNSSs). In this paper, our objective is 
twofold. Firstly, we seek to extend the range of Q-NSF beyond the unit interval [0,1] in the real space to the 
unit disc in the complex space. Alternatively, we endeavor to incorporate the complex-valued IM function to 
the structure of Q-CIFS field. This enhancement will pave the way for the introduction of Q-CNSF as a novel 
concept deserving of exploration. 


2 Preliminaries 


Within this section, we provide an overview of the fundamental principles underlying Q-neutrosophic soft set 
(Q-NSS) 25] Q-CNSS with their operations, Q-NSF and Q-CIFS field. These essential concepts and operations 
serve as the building blocks for our forthcoming analysis in this article. 


Definition 2.1. = Let Y and Q be two non-empty sets, and let A denote a set of parameters. The Q-NSS 
(F, A) in Y is unequivocally defined by the following distinct characteristics: 


(FA) = {< aT pa )(¥s4), Arca) (4), %r(@)(¥s4) >: @ € Ayy € Y,q € Qh. The resolute functions 
Vrca)(y, 9), Arca) (y, g), and Qa) (y, g), unyieldingly, represent the TM, IM and FM functions, respectively. 


Definition 2.2. Consider W and Q as two non-empty sets, and let A represent a set of parameters. We 
define a Q-CNSS (H, A) in W as follows. 


(H, A) = {< a; Taya)(s, @), Zeya) (s, 9), Fuca) (s,q) >: ac A,s © Wig € OQ}, 


where Va € A,s € W,q € Q, Tiia)(s,9) =THay(s, ge? 9), Tiay(s,¢) = Anyay(s, qhe?™ncn 9), 
and F(a) (8, q) = Quay (s, qje'?™ x(a) (5-9), are, respectively, the complex-valued TM, IM and FM functions. 
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Definition 2.3. 22 The union of two Q-CNSSs (HH, A) and (G, B) in W is aQ-CNSS (M, E), where E = AU 
andVe € E,V(s,q) €@ Wx Q, 


Te) (s, q).e227#Ho (8.9) jfecA-—B 
Tue) (s, q) = Tee)(s, gq) e210 (8.9) jifeeB-A 
(Tue) (8, ¢) V Perey (s, q)).€227 (Hace) (8,4) Vee(e) (8,4)) JifeeAnB 


? 


Age) (8, q).e27 80) (8-9) jifeeA-B 
Tye) (8,4) = Age) (8, g).e2 760 (8-9) jifeeB-A 
(Anve)(s, q) A Agie)(s, q)). e227 (Vue) (8, AVE (e) (8.9)) Jif ee ANB 


7 


Oe) (8, q) e227 mH (89) Jifece A—B 
Fie) (8,9) = NG (e) (8, q).ef2™GKe) (8,9) JjifeeB—A 
(Que) (s, q) A QE (e) (s, q)).€227 Ware) (8:4) were) (8,9) ,if ec ANB 


? 


Here, V represents the maximum operator and ( represents the minimum operator. The union of (H, A) and 
(G, B) is denoted as (M, E), i-e., (H, A) U (G, B) = (M,E). 


Definition 2.4. The intersection of two Q-CNSSs (H, A) and (G, B) in W is a Q-CNSS (M,E), where 
i= AMBandVe € E,V(s,q) € W x Q, the membership degrees of (M, E) are: 


Teacey (8, 9) = (Taye) (8, 4) A Teey(s, q)).€°2 cer 2 Anecey (9090) 
Tya(e) (8,4) = (Anne) (8, 4) V Agcey(s, g)) 2 7 Mace (DV e(e) (999), 
Frucey (8,9) = (Que) (8,4) V Macey (8, g)) 8? Hare oa) Vorerey (9,4), 


Here, V represents the maximum operator and ( represents the minimum operator. The intersection of (H, A) 
and (G, B) is denoted as (M, E), i-e., (H, A) N (G, B) = (M, E). 


This part unequivocally elucidates the profound connection between Q-CNSS and Q-NSS. 


Definition 2.5. 22 Let’s consider the sets W and Q, and suppose (H, A) represents a Q-CNSS in W. The Q- 
CNSS (IH, A) can be represented by a collection of elements in the form {< a; Tia) (5, 7); Zaay($; 2) Finca) ($5) >: 
a é€ A,s € W,q € Q}, where a € A, s € W, and gq € Q. In this context, the TM, IM, and FM functions 

can be defined as follows: Tia) (8, ¢) = THay(s, qe?) (59, Tira (8,7) = Anicay(s, g)et27™a) (59), and 
Fae) (3,4) = O(a) (8, qet?™ Hay (2-9), Based on this, (H, A) generates two real Q-NSSs in W using the 
following formulations: 


(1) The Q-NSS (6, A) is defined in the form of {< a;Ty(a)(s, 9), Aga) ($59); Qncay($,q) >: a € As € 
W,@ © Q}, where a € A, s € W, and q € Q. Within this context, Py a)(s, 7), Ag(a)(s,q), and Qa) (s, g) rep- 
resent the amplitude terms associated with the complex valued membership functions Tq) (5, 7), Za(a)(s, 9), 
and Fiza) (s, q), respectively. 


(2) The Q-NSS (8, A) is defined in the form of {< 4; Ug(ay(5,9), Yaa) (5,9), Wa(ay(S.q) >: a € Ais € 
W,q © Q}, where a € A,s € W, and q € Q. Within this context, 1.¢(q)(8, 9), Yaa) ($, 9), and wea)(s, g) 
represent the phase terms associated with the complex valued membership functions Ty q)(s,q), Za(a)(s, 9); 
and Fi(q)(s, q), respectively. 


Definition 2.6. 22 Let’s consider two non-empty sets, W and Q. Suppose we have a Q-CNSS (HI, A) in W, 
characterized by complex-valued membership functions defined as: 


Teaay (8,9) = Tuacay(s, ge? 8, Daa (8,9) = Ancay(s, qe?" 9, Fageay(s,q) = yay (s, gear), 
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Now, for a set (HI, A) to be considered a homogeneous Q-CNSS, the following conditions must hold for any 
s,tinW andainA: 


(1) TH(a) (s, q) < Tava) (t, q) if and only if L(a)(S, q) < LH(a) (i, q): 
(2) Axa) (s, q) < Ana) (t, q) if and only if VH(a) (s, q) < VH(a) (t, q), 


(3) Qua) (s, q) < Ona) (t, q) if and only if WHHI(a) (s, q) < WIH(a) (é, q), 


Definition 2.7. 2 Consider (H, A) and (G, B) as two Q-CNSSs in W, which are characterized by the following 
complex-valued membership functions: 


For (H, A): Tua) (S, 4) = Tuay(s, q)et2™ Hace) (5.9) Tra) (8, 9) = Aga) (s, q)e!27H(a) (8.9) ar Fanta A= 
Nay (s, q)-€22™aCa (8-9), 
For (G,B): Te(a)(s,9) = Tecay(s, he? , Zecay(8,4) = Agiay(s, ge?” and Fe(ay(s,4) = 
Neray (8, q).c rere) (69), 


Q-CNSS (H,, A) is said to be homogeneous with (G, B) if and only if for alla €¢ AM B, s € W andq € Q, we 
have 


(1) Tay (s, ¢) < Pe(ay(s, @) if and only if pay (8,9) < Mea) (5, 9), 
(2) Anay(s,¢) < Agay(s, @) if and only if vx(a)(s,¢) < Ve(ay(S, @)> 


(3) Quay (8,9) < Qe (ay (s, 9g) if and only if wy(a)(s,q) < we(ay($, 9): 
Definition 2.8. 22 Consider a Q-NSS (D, A) over a field (F,+,.) . Then, (ID, A) is said to be a Q-NSF if it is 
satisfying the following conditions for all m,n € F,qg€ Qanda€é A: 


1 


ae 


D(a) (m+n, q) 2 min{Ip(a) (m, q); Tia) (n, q)}, Apia) (m+n, q) < max{Apva) (m, q); Apva) (n, q)}, 
and OQpD(a) (m +n, q) ms max{Qpa) (m, q); Opa) (n, q)}- 


2. Tpay(—m, @) > Tpay(m,¢g), Apway(—m, @) < Apiay(m, g) and Npay(—m, g) < OQpvay(™, q). 


3.00; D(a) (m.n, q) 2 min{l pia) (m, q); Tp(a) (n, qQ)}; Apva) (m.n, q) < max{Ap(a) (m, q); Apia) (n, q)}, 
and OQp(a) (m.n, q) = max{Qp,a) (m, q); OD a) (n, Qh; 


4. Tpay(m™t,¢) > Taay(m,@), Apcay(m—", 4g) < Aniay(m, g) and Np ay (m=, g) < Mpa) (™, @)- 


Theorem 2.9. 22) Let’s consider a Q-NSS denoted as (D, A) defined over a field (F,+,-). In order for (D, A) 
to be classified as a Q-NSF, it must satisfy the following conditions for all m,n € F, q € Q, anda € A: 


1. T'p(a) (m—n, q) 2 min{lpa)(m, q); T'piay(n, Q)}; Apva) (m—n, q) < max{Apva)(m, q); Apia) (n, q)}, 
and Qy(q)(m — n, gq) < max{Qpvay(™M, g), Ada) (N, g)}- 


2. T'pva) (m.n-, q) 2 min{I pia) (m, q); lpia) (n, OE Apva) Gna, q) < max{ Apia) (m, q); Apia) (n, qh; 
and Op (a) (m.n-, q) < max{Qp,a) (m, q); Op (a) (n, OE 


Definition 2.10. 24Let (S, A) be a homogeneous Q-complex intuitionistic fuzzy soft set(Q-CIFSS) over a field 
(F,+,.). Then (S, A) is said to be Q-CIFS field over (F,+,.), if for alla € A, g € Q andall m,n € F, the 
following conditions are fulfilled: 
1. Tgay(—m, q) = Tscay(™, 4); 
» Fgay(—m, 9g) < Fscay(m, @), 
Ts(a)(m.n, q) = min{Ts(a) (8, 9), Ts(a) (t, 9)}; 
Fg(a)(m.n,q) < max{Fgya)(s,¢); Fs(a)(t, a) }, 
Ts(a)(m +n, q) 2 min{Ts(a)(s, 9), Ts(a)(t, a} 
Fg(a)(m +n, q) < max{Fg(a)(8, 9); Fs(ay(t, @)}- 
Ts(a)(m—*, @) = Tscay(s, 4); 
. Fa(ay(m*,.¢) < Facey (3,9), 


oN Dw RW ND 
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3  Q-Complex Neutrosophic Soft Field 


In this section, we introduce and rigorously define the powerful concept of Q-CNSF. We delve into an in-depth 
exploration of its various properties, thoroughly examining and analyzing their intricate interconnections. 


Definition 3.1. Suppose that (H, A) is a homogeneous Q-CNSS over a field (F,+,.). It is stated that (H, A) 
is categorized as a Q-CNSF in (F, +, .) if, for every a € A, g € Q andall s,¢ © F, the following conditions 


are fulfilled: 
1. Tua) (—8, @) 2 Tua) (s,q), Tua)(—8; 4) < La) (s, q); and Fn(ay(—8; q) < F(a) (s, q). 
2. Tha)(s-t,¢) = min{ Tua) (S, 4); Tua) (t, @) }, Lenya) (s-t,¢) < max{Zya)(s, ¢), Dara) (t, QF, and Fuga) (s-t, q) < 
max{Fi(a)(s, 4), Fast g)}, 
2. Ty (a)(s +t +9) 2 min{ Ti(a) (s, qd), Tava) (t, q)}, Ta) (s =F t, q) < max{Zi(a) (s, q), Daa) (t, q)}, and 
Fu (a) (s +t +) < max{ F(a) (s, q); Fig(a) ce q)}. 
4. Tayay(s~*, q) > Tuas, 4), Zacay(s~*, @) < Zayay(s,q), and Fyay(s~*, g) < Finyay(s, 9); 


Proposition 3.2. Consider (H, A) is a Q-CNSF in (F,+,.). In this context, we establish the following prop- 
erties for the additive identity Og and the multiplicative identity 1g. For alla € A, q © Qandall s € F, we 
have: 


1. Tua) (Op, q) 2 Te(a) (s, q); Ti(a) (Or, q) < Ti(a) (s, q) and F(a) (Op, gs Fu H(a )(s 58) 
2. Tua) (1r, @) 2 Tia) (8, @); Tua) (Ir, @) < Tua) (s, q) and Fy) (1r, gs Fin a)(s, q)- 
3. Tua) (Op, q) 2 Tua) (1, q); Ti(a) (Op, q) < Ta) (1p, q) and Fia(a) (Op, q) < Fi H(a) (Lr, q)- 


Proof. For alla € A, q € Q andall s € F, we have: 


1. Ta) (Or, ¢) = Faay(s — 8,¢) => min{Taay(s, 9), Tea) (8,9) } = Taa)(s, 9), 
Tua) (Or, @) = Lava) ($ — 8,9) S max{Lyay(s, ¢), Zeya) (s, 2) } = Zeca) (8, 9), 
Fu (a) (Or, q) >= Fiaa)(s oA 8,9) < max{Fya)(s,q), Fay (s, 7) } = Fra) (s,q), 

2. Tua) (1e,¢) = Taya) (s-87*,@) = min{Tua)(s, 9), Tava) (8~*, @)} = Tua) (5; 9); 
Taya) (le, a) = Lay (s-8~*, g) < max{Zyay(s, 9); Zacay(s, @)} = Lava) (5, 9); 
Fy (a) (1g, g) _ Fi(a)($-8 '@) < max{Fya)(s, 9), Fay (s, q) $ = Fira) (8,9); 

3. Tua) (Or, q) = Ti a) (Lr = lr, q) 2 min{7i(a) (Ir, qd), Tra) (1r, q)} = Tua) (1r, q); 
Tua) (Or, @) = Lua) (1e — le, g) < max{Zayay (1, ¢), Daca) (er, a) } = Lira) (Ler, @), 
Fy (a) (Or, @) = Fia(a) (1p = 1p, q) < max{F qa) (1, ¢); F(a) (1p, g}= Fy (a) (1p, q); 


Definition 3.3. Consider two homogeneous Q-CNSSs denoted as (H, A) and (G, B). It is asserted that (H, A) 
is designated as a Q-CNS subfield of (G, B) only when the following conditions are met with absolute cer- 
tainty: 


1 (H, A) C (G,B), where C is a Q-CNS subset. 


2 Both (H, A) and (G, B) are Q-CNSFs. 
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Definition 3.4. Suppose that (HI, A) is a homogeneous Q-CNSS over a field (F,+,.). It is stated that (HI, A) 
is categorized as an anti- Q-CNSF in (F,+,.) if, for every a € A, gq € Q andall s,t € F, the following 
conditions are fulfilled: 


1. Tu(a)(—8,) < Tu(a) (s, q), Tia) (—8, 9) 2 T(a) (s, q); and Fuga) (—s, q) 2 F(a) (s, q); 

2. Taya) (s.t,q) < max{Tuay(s, 4), Tay (t, 9) }, Laacay (8-4, ¢) = min{ Za) (s, 4), Lia (t, @)}, and Fuga) (s-t, g) = 
min{ Fx(a)(s (s, q); Fu (a) (t, q)}, 

3. Ty (a)(s ae t, q) < max{ Ti(a) (s, q), Tr(a) (t, qQ)}; Tea) (s a t, q) = min{Zy(a) (s, q), Daya) (Z, qt, and 
Fy (a) (s + t, q) 2 min{Fi(a) (s, q); F(a) (t, q)} 

a2 Ty taylor q) < Tr(a) (8, q); Tayay(s~*, q) = Tica) (s, q); and Fryay(s7', q) 2 Fray (s, q). 


Theorem 3.5. Consider a homogeneous Q-CNSS denoted as (H, A) over a field (F,+,.). It is asserted that 
(H, A) can be classified as a Q-CNSF in (F,+,.), if and only if, for every a € A, q € Q, ands, t © F, the 
following conditions are satisfied: 


1. Tyya)(s — t,¢) = min{ Tha) (s, 2); Teva) (t, @) $5 
Ta)(s — t,q) < max{Lya)(s, @), Zeca) (t, 9) 
Fiiay(s — t,q) < max{Fua)(s, ¢), Fay (t, 
Tuna) (8-t-*,q) = min{ Tina) ($, 9); Fiava) (t, 9)}; 
Tuya)(s.t~*, g) < max{Zua)(s, 9), Zana) (t, @)}, 
Fuya)(s.t~',q) < max{Fiyay(s, 9), Finca) (t, )}- 


NA Mw KR WY NSN 


Proof. => ee that (H, A) is a Q-CNSF in (F,+, .). Then, 
Tica) (8 — tg) = Tiyay(s + (—#), 4g) 2 min{ Tuay(s, 9); Tanya) (#2) } > min{ Tica) (8, 4); Fava) (t, 9) 


Tua) (s — t, q) = Taay(s + (—#),@) < max{Zuyay(s, 9), Zayay(—t, g)} < max{Zuay(s, 7), Zara) (t, a) }, 


Fiaa)(s am Q= Fiu(a) (s aT (— t), q) < max{Fi(a )(8, 4); Finca (—t, q)} < max{Fiy(a)(s, q); Fia(a) (é, q)}- 
Taya)(s.t~',q) > min{ Tuya) (s, 9), Taya) (t~*, @)} > min{Taay(s, 4), Tacay (t, @)} 


Ly (a) (so, q) < max{Zuq) (s, q), Daya) (a qt < max{Tya) (s, q); Daya) (t, qt, 


Fra)(s.t", q) < max{Fig(a) (5, q), Fa) (5 q)} < max{ Fi (a) (5, q)) Fiu(a) (é, q)}- 


< In the converse scenario, where conditions 1-6 are met, our objective is to establish that for every element 
a € A, the pair (H, A) fulfills the criteria to be classified as a Q- complex neutrosophic subfield. 


Consequently, Tia (-s, q) a Ti(a) (Or—s, q) 2 min{7Ha) Op, q); Tua) (s, q)} 2 min{Tx(a) (s, q); Tr(a) (s, qt a 
Tp (a) (S; q); 


Tua) (—8, 9) = Tra) (Or _ 8,q) < max{ Za) (Or, ¢), Zaa)(s,q) t < max{Zua)(s, 9), Zayay(s, 9) = 


IA 


Fi(a)(—§; 9) = Fia(a) (OF on 8,q) < max{Fiq(q) (Or, @), Fay (s, 9) } max{Fi(a)(s,¢), Fu(a)(s,q)} = 
F ‘ 


Tua) (s.t, 7) = Taay(s.(671)~*, @) = min{ Tiara) (, 9), Tara) (71, 2) } > min{ Tuya) (s, 9), Taya) (t, 2}, 


Tray (8-t, 9) = Layay(s-(t-*)~*, @) < max{Zuyay(s, ¢), Zaay(t~*, ¢)} < max{Zuya)(s, 9), Daca (t, a}; 
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Fray (8-t, 9) = Fiayay(s-(-7)~*, 9) $ max{ Fhuay (8,9), Fina) (¢7*, @)} S max{ Funay(s, 9), Funay (t, 9) }- 

Tica) (8 + t, 9) = Taya) (s — (—t),¢) 2 min{ Tua) (s, 9), Taya) (—t, q)} 2 min{Tuay(s, 4), Tica) (t, 2) } 

Daca) (s + t, g) = Laay(s — (—t),@) S$ max{Zaay(s, 9), Zeca) (—t, a) } < max{Zacay(s, 9), Lava (t, a) } 

Fu(a)(s +t, 4) = Fiayay(s — (-t), @) < max{Fiay(s, @); Fay (—t, g)} S max{Fuay (5, ¢), Finca) (t, @)F- 

Tica) (8~*, 9) = Tea) (1-8 *, @) = min{ Tuya) (Ir, 9), Tara) (s,9)} = min{Tuay(s, 9), Tay (s, 4)} = Taya) (s, 9)}; 


Tayay)(s~*,¢) = Tayay(1e.s7',q) < max{Zycq)(1r, 4), Zaay(s,q)} < max{Zayay(s,¢),Zayay(s,g)} = 


I 


Faya)(s~*, 4) a Fria) (1p.s~*, q) < max{Fia) (Lr, @), Fa(ay(s, @)} < max{Fu(a)(s, 9), F(a) (s,@)} 


This completes the proof. 


Theorem 3.6. Let (F,+,.) be a field, and let (H,A) = {< 4; Taya)(r, @), Zayay(7, 9); Fa(ay(",g) >: a € 

A,r € W,@ © Q} be homogeneous Q-CNSS over (F,+,.). Suppose (H, A) generates the two Q-NSSs 

(5, A) = ies a, V(a) C6 q); Aga) (f, q), 5 (a) Ce q) > rae A, reEewWwqe Q} and (KR, A) = {< a; U&(a) (6 q); VR(a) (r, q); 
Weay(7,q) >: a € A,r © W,q © Q}. Then, (H, A) is a Q-CNS subfield of F if and only if both (h, A) and 

(&, A) are Q-NS subfields. 


Proof. = In order to establish the validity of the first direction of this theorem, it is essential to demonstrate 
adherence to the conditions specified in Theorem (2.9). 


Consider that (H, A) is a Q-CNS subfield of F, then for all a € A, s,t € F,q € Q, we have, 


Ta) (s—t, q).€ ipa) (s—t,q) — = Tua) (s—t, g) => min{ Tua) (s, 9), Tr(a) (t, 9) } = min{Ty(q)(s, q).eMo (99), 
a) a face) (a) } — ante q), Una) (t, g)}-e8 mit Hac@ (8-9) maa) (69, Thus, 


( 
(é . 
Ta)(s — t,¢) > min{lya)(s,¢), Pua) (t,q)} and pray (s — t,¢) > min{pHay(s, 7), Maa) (t, g)}, (Since 
H, A) is homogeneous ). 


oe ae 


( 
sh 
7 


Likewise, we can derive, 


( —t,q).e iva(a) (S—t,4) = Taya) (s—t, q) < max{Zpya)(s, 9), Zeca) (t, g) } = max{Apyay(s, q)- eti(a) (8.9) | 
(a) (t, q).€7H 60} = max{ Anya (5; 4)s Atay (t,)}.c8O*EmL Yaa) (6D), Thus, 
( 


By employing a similar approach, we can obtain Qa) (s—t, q) < max{OQua)(s,q), Quay (t, g)} and waa) (s— 
t,q) < max{wya)(s, ¢), WH(a)(t, 7) }. Therefore, condition | is satisfied. 


Next, Dx(a)(s. t-1,q).e ipa) (st ".g) — Tr(a) (8.677, q) = min{ Tua) (s, 9), Tea) (t, 9) } = min{Tya)(s, q).eHH (3-9), 
THe y(t, ve ipyca) (t, 1) = min{lg(a)(s, qd), Tua (t, q)}. e@ min{ Hea) (9,9) Maa) (tq) } Thus, 

Ta(a) (s.t lq) > min{ly (a)(S,¢), CHa) (t, q) } and py(ay (s.t7 ea min{{a(a)(S, 9), Maa) (t,q)}, (Since 
(H, 


A) is homogeneous ). 
Similarly, we can obtain 
1 g).eimHcan (9) = Tayg)(s-t-1,g) < max{Zayay(s, 4), Zia) (t, @)} = max{Au(ay(s, q)-c (9, 


S.t— 
t, q). ei (a) (t9) } = max{Agya)(s, 9), An(a) (t, q)}.e8 Mataca) (8,9) Maca) (9) } Thus, 
ci 


’ a) < max{Aqyay(s, q); Anya) (t, a} and VE(a) (at q) < max{q(q) (s, q); VH(a) (t, q)}, (Since 
is homogeneous ). 


mm D 
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In the same way we get, 
Qua) (et, q) < max{ Qua) (s, q); Ona) (t, q)} and WHHI(a) (8% q) < max{Wy(a) (s, q); WHI(a) (é, q)}- 
Therefore, condition 2 is satisfied. Which implies that (h, A) and (A, A) are Q-CNS fields. 


In order to prove the second direction of this theorem, it should satisfy previously defined six conditions listed 
in Theorem (3.5). 


< Suppose that (h, A) and (&, A) are two Q-NS subfields. To prove that (HI, A) is a Q-CNS subfield, we have 
to show that: 


TuH(a) (s = t, q) - D(a) (s aa t, gee ea 2 min{ Iya) (8, q); TH(a) (t, q)}-e min{ inca) (s.q)omacay (ea) } — 
min{l x(a) (s, q).e'H(@) (5-9) Pua) (t, q).eH@ ha) — min{TH(a)(s, 9); Tay (t,@)}- ((H,A) is homoge- 
neous). 

Thus, we obtain Tua) (8 —t,q> min{ Tua) (s,q), Tua) (é,.q)}. 

In a similar manner : Zy(q)(s — t, ¢) = Anyay(s — t, q).erH(a (S-ta) < max{Aqa)(s, 7), An(a)(t, q) }- 

e@ max{Mm(a) (8,9) Maa) (ta) } — max{ Apa) (s, q).et2) (89, Apa) (t,q).cima (tO — max{Zqa)(8,¢), Zaay(t, @)}- 
((H, A) is homogeneous). 

Thus, we obtain Zy(q)(s — t,q) < max{Zya)(s, 7), Lava) (t, @)}- 


In the same manner we show that Fiy(a)(s — t,q¢) < max{Fiq(a)(s,¢), F(a) (t,q)}- Therefore, conditions 1, 
2, and 3 are satisfied. 


To verify the validity of the conditions 4, 5, and 6, we have to show that: 
Te(a) (ste % q) = TH(a) (Ga-%, q).citacay (st *9) 2 min{ly(a) (s, q@), Vaca) (¢, q)}-e min{ aca) (s,4),Haca) (2a) } — 


min {Pay (s,q)-c% OD, Pyacqy(t,q)-c%#8()} = min{Tecay (8,4), Texcay(t,q)}- ((H,A) is homoge- 
neous). 


Thus, we obtain Tq) (s.t~*,q) = min {Tay (s, @), Tara) (¢, a) }- 
Similarly, we can obtain 
is = # 
Lua) Ca q) = Au(a) (gts g).etaay (st 9) < max{Au(a) (s, q); Ana) (t, q)y-e max (a) (819) Macay (tsa) — 


max{Aq(ay(s, q).€%@) (9D , Aga) (t, q) et ED} = max{Zaya)(s,q), Zaay(t,q)}. ((A, A) is homoge- 
neous). 


Thus, we obtain Zgq)(s.t~',q) < max{Zpya)(s, 9), Daya) (t, d)}- 
Using the same steps, we can show that Fiy(q)(s.t~',q) < max{Fig(ay(s, ¢), Finca) (t, g)- 


Thus, the six conditions listed in Theorem (3.5) have been verified. Which proves that (H, A) is Q-CNS 
subfield. 


Theorem 3.7. Consider a field (F,+,.) and let (H, A) and (G,B) be two Q-CNSSs in F, where (H, A) is 
homogeneous with (G,B). If both (H, A) and (G,B) are Q-CNSFs in F, then their intersection (H, A) 
(G, B) is also a Q-CNSF in F. 
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Proof. Suppose (H, A) and (G, B) are two Q-CNSFs. Let’s begin by establishing the validity of the first three 
conditions of Theorem (3.5). 


First, We examine the complex-valued truth membership function of the intersection. 


For alle € AN B,q € Q, and s,t EF, 


TuinG(e) (s —t, q) = TENG (e) (s —t, q).e227 Hunc(e) (s—#.4) 

= min{l'ye)(s — t, ¢), Pe(e) (s — t, g)}.e2" min{ jig¢e) (9—t,4) H4G(e) (8—t,4)} 
> min{min{ly(.)(s, ¢), Pave) (t, gf, min{T ee) (s, 7), Perey (t, DSF. 
e22m min{ min{ py (2) (8,9) Mae) (t.4) },min{ ee) ($,9) Hee) (t,4) }} 


5 min{min{Ty (e) (s, q); Tee) (8; q)}, min{ THe) (t, q); Te) (t, q)}}- 

e!2m min{min{ He) (8,4) Mee) ($,4)} min{ pe) (t,9) Mere) (tq) }} 

= min{min{T ye) (s, q), Pere) (s, a) }- 

e2t min{ LH(e) (3,4) ,Me(e) (s,q)} ; min{l ye) (t, q), Te) (t, qe" min{ pe) (t,4) MG(e) (t,q)} } ((H, A) is homogeneous 
with (G, B)) 
= min{lunece)(s, q).e? ance) 9), Pang(ey (E, 9g) .€72HanGte) (9) } 
= min{ Tune) (s, 9), Taine (ey (t, q) }. Thus, 

Tanc(e)(s — t,¢) = min{ Tune) (S, 4); Tane(ey (t, @)}- 


Second: We will verify whether the condition for the indeterminacy membership function of the intersection 
is met. 


Lance) (8 — t, 9) = Aunerey(s — t, g) ef? Erste (8-69) 
= max{Aqy.)(s — t, 9g), Age) (8 — t, q) e827 maxtMire) (8-89) vee (8—t.)} 
< max{max{Agye)(s,q), Aue) (t, g) }, max{Agce)(s,q), Acre) (t, @) F}- 


e!2m max{max{Mg(e) (9,9) Mie) (t-9) },max{Ue(e) (8,4) Ua(e) (t,4) }} 


= max{max{Apye)(s, q), Acie) (8, q) }, max{ Ane) (t, 7), Acie) (t, 2) FF. 

el2n max{max{j(¢) (8,9) ,Ye(e) ($,9) },max{My(e) (t,4) Yecey (t.4) }} 

= max{max{Agye)(s,q), Age) (S, 9) }- 

ei2t max{Vge) (8,9), Ye(e) ($,9) } »max{Agye) (t, q), Ne (c) (t, q)}.e i2m max{Vye) (tq) Yee) (t, Dt} ((G, A) is homoge- 
neous with (H, B)) 
& = max{Aung(e (s,q).e i2mVENG(e) ($.4) , Anne (c(t, gq). ™ANG(e) (49) } 
= a (r, q); Dance) (t, q) }- Thus, 

Tune(e)(s — t, ¢) < max{Zune(e) (8, 9), Zanere) (t, D}- 


Third: Using the same steps as in the case of indeterminacy membership function, we obtain: 


Fung(e)(s — t, ¢) < max{Funce)(s, 9), Funece) (t, a) }- 
Conditions 4-6 of Theorem (3.5) can be examined as follows. 


For the complex-valued truth membership function of the intersection, we obtain 


Tanc(e)(s.t7!, a) = Tunece)(s-t71, g).e2 Maree) (8-79) 

= min{T'ye)(s.t-+, @), Pecey(s.-t-*, q) }.€82 miniace (64% 9) tare (s-t 9) 
> min{min{l ye) (s, g), Pave) (t, g) }, min{T'g(e)(s, g), Vee) (t, a) HF 

e22nm min{min{ pe) (8,9) Mae) (t.4) },min{ He (e) (8,9) He (e) (t,4) }} 


= min{min{T ye) (s, ¢), Vere) (s, 7) }, min{T we) (t, 2), Perey (t, 2) FF 

ef2m min{min{ Hae) (8,4) Mee) (8,9) } min{ pe) (t,9) Mare) (t,9)}} 

= min{min{Ty(.)(s, ¢), Pee) (s, @) }- 

ef2m min{ Hare) ($,4) Me(e)($.9)} min{lyye)(t, 9), Vere) (t, q)}.e?2" min { Hax(c) (t,4) Mo(e) (ta) } ((G, A) is homogeneous 


with (H, B)) 
= min{Tang(ey(s, q)-€2 748) (9) Purge) (t, gears) 4) } 
= min{ THnG(e) (s 8,q); Tans (atts q)}- Thus, 


Tanc(e(s-t7*,q) > min{ Tange) (5, 9), Taney (t, @)}- 
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For the complex-valued indeterminacy membership function of the intersection, we obtain: 


Tunece)(s-t71, a) = Aunere)(s.t71, q).€!2Manete(6-4-*-9) 
= max{ Axe) (s.t7}, q), Ag(e)(s.t71, q)}.e2" max{ ye) (s.t~1,q),Vece) (s-t~ 1 ,q)} 
< max{max{Apye)(s, ¢), Ane) (t, q)}, max{Age)(s, g), Are) (t, a) }}- 


ei2m max{max{iy(e) (8,9) Yace) (t,9) },max{Vere) (8,9) Mee) (ta) }} 


= max{max{Apye)(s, q), Ag(e) (8, @) }, max{Apyey(t, 7), Are) (t, 2) FF. 

e!2m max{max{g(c) (9,9) Ye(e) (8,9) }smax{M(e) (t,4) Yace) (t,9) }} 

= max{max{Agye)(s,q), Agre)(S, 9) }- 

e2t max{VH(e) (s, q); VG(e) (s,4)} max{ Aye) (t, q), AG(e) (t, q)}.e"?" max{Vy(e) (t,¢) Yee) (t.a)}) ((G, A) is homoge- 
neous with (H, 
= max{Agng(ey(s, q)-€2 79), Munerey (t, g).e™BNECe) (F9)} 
= = max{Tune(e) (s,q), Zane e)(t, q)}. Thus, 

Tung (e)(s-t~*,¢) < max{Zunece) (5, 2), Zanece) (t, a) }- 


ow 
ae 


In the similar way, we can show that Figqg(e)(s.t~*, gq) < max{Fingce)(s, 9), Fancre) (t, d)}- 


Thus, the six conditions listed in Theorem (3.5) have been verified. Which proves that the intersection (H, A) 
2M (G, B) is a Q-CNSF. 


4 Cartesian product of Q- complex neutrosophic soft fields 


Within this section, we establish the definition of the Cartesian product of Q-CNSFs and subsequently demon- 
strate its status as a Q-CNSF. 


Definition 4.1. Consider two Q-CNSFs, (H, A) and (G, B), defined over (F), +, -) and (F2, +, -), respectively. 
Let (H, A) be homogeneous with (G,B). We define their Cartesian product, denoted as (M,A x B) = 
(H, A) x (G, B), where M(a, 3) = H(a) x G(8) for (a, 8) € A x 


In an analytical representation, for s € F,, t € F2, and q € Q, we have: 

M(a, 8) = {(((s,t), 4), Tr(a.) (8; t), 9), Zra(a,a) ((S5 4), 9), Fiaca,sy ((s, #), @)) }. where: 
Tru(a,s)((s, #), 2) = min{Fmaca)(s, 4), Fras) (t, 4) 

Tyiva,a) ((S, t), @) = max{Zya)(s, @); Zncay (t, 2} 


Fr(a,p) (8; i), q) = max{ F(a) (s, q); Fg) it q)}- 


Theorem 4.2. Let’s consider two Q-CNSFs, (HH, A) and (G, B), which are defined over (F,+,-) and (F2,+,-), 
respectively. Let (H, A) be homogeneous with (G, B). Then, the Cartesian product of these two Q-CNSF%s, i.e., 
(H, A) x (G, B) is also a Q-CNSF defined over Fy x F 9. 


Proof. Let (M,A x B) = (H,A) x (G,B), where M(a, 8) = H(a) x G() for (a, 8) € A x B. Then for 
((51, t1), @), ((S2, t2),@) € (Fi x Fe) x Q, we have for the complex-valued truth membership function: 


Tyi(a,) (($1, 1) — (82, t2), @) 
= Tyi(a.,8) ((81 $2, t1 > t2),q) 


= Taya,g) ((s1 — 82, 41 — te), q) c*Mmteay (Cor 82st fa), 9) 
= min{l'ya) ((s1 — $2), @), Pecay (ta — ta), q)}.e8 mint tna) (61-82) ,9) Maca) ((t1 —t2),4)} 


= min{l'ya)((s1 — $2), q).€'H(e) (81 82),4) T's) ((t1 — t2), q).eits(a) (ta). ( (HI, A) is homogeneous 
with (G, B)) 
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= min{Tpya)(($1 — $2); 9); Teray (ta — ta), @)} 
> min{min{ TH(a) ($1, 7), Taya) ($2, g) }, min{ Teg) (t1, g), Tey (ta, 7) }}- (CHL, A) and (G, B) are Q-CNSFs) 


= min{min{ 7x4) (s1, q), Top) (tr, q)}, min{TH(a) (so, q); To) (ta, q)}}.- 
= min{7M(a,3) (51, ti), T(o,8) (sa, tz)}. Thus, 


Tya(o,8) ((81, t1) — (82, t2),¢@) = min{Ta,a) ($1, t1), Faa,p) ($2; ta) f- 


To validate the condition of complex-valued indeterminacy membership function, we employ a similar ap- 
proach as that used for the complex-valued truth membership function. 


AG a)((S1, ¢1) — (S2, t2), @) 
Tmi(a,s)(($1 — $2, t1 — ta), q) 
= Aua,p)((81 — $2, t1 — ta), q).etH(a.6) ((s1— 82,41 —t2),4) 
= max{Apyay((s1 — 82), 4), Agiay ((t1 — ta), q)}.e% Maxt Maca) ((1—52),9),46(8) ((t1 —t2).9) F 
= max{Apyo)((s1 — 82), gq) etre) (81-82), Necgy ((tr — ta), q).€8¥e() ((t1—t2),4)} 
( (HI, A) is Seer with (G, 
= max{Ty(a)(($1 — $2), ¢), Zeca) (ta — #2), a) $ 
< max{max{Zp() ($1, ¢), Za) ($2, g)}, max{Zga) (t1, ¢), Zea) (t2, a) }}. ( (HL, A) and (G, B) are Q-CNSFs) 
= max{max{Zaya)(81, 9), Zeca) (t1, @) }, max{ Zaye) ($2, 9); Zecy (ta, g) fF. 
= max{Z(a,3) (s1, t1), Zy(e,8) (82; to)}. Thus, 
Tyi(a,p)((81, t1) — ($2, t2),q) < max{Zya,p) (81, t1), Za(a,8) (2, ta) }. 


er 
WN 


Similarly, we can demonstrate that: Fiyiq,s)((S1,t1) — (2, #2), ¢) < max{Fyaca,) (81, t1), Fim(a,s) ($2, t2) 
Next, we will proceed to prove the remaining conditions as follows: 


Tha(a,a)((81, t1).(82, t2)~*, @) 

= Twi(a,8)(($1-89 ', t1-t3 "), @) 

= Tux(a,a) (81-89 *, t1 ty), g) .€ft(e0) ((on-89 "tr-t2 ')-9) 

= min{T'w(ay( (51-83 "), 4), Pacey (tr-ty*), g) } cf mines (Gr-s9 9 Here (hts )0)} 

= min{T x(a) (81-891), q)-€tt# (2-82) Decay ((t1-tg +), q).et#s (4-42). }_ ( (HL, A) is homogeneous 
with (G, 
= min{Ti(a) (81-8 *), 2); Tea) ((t1-ta *), 2) $ 

> min{min{ Tua) ($1, 9); Ta) ($2, 9) }, min{ Tes) (41, 9), Teca) (ta, 2) } }- (CH, A) and (G, B) are Q-CNSFs) 
= min{min{ Tua) ($1, 9); Tes) (t1, DF, min{ Twa) (S2; 9), Tey (te, Dt} 

= min{7M(a,8) (s1, t1), To(a,8) (sa, to)}. Thus, 


Ty(o,8) ((81, #1).(s2, By oy min{7m(a,8) ($1, t1), Tui(a,p) (82; #2). 


To verify the condition of the complex-valued indeterminacy membership function, we follow a similar ap- 
proach as we did for the complex-valued truth membership function. 


Tyi(o,6) (($1) t1)- ee ti) 
= Tyiya,e)((81-83 "5 tty" 

=> Awia,s) (81-89 pty. 2 
= max{ Aga) ((s1-82°), 
=> max{ Agia) ((s1-89° Vi 
with (G, 
= max{Zy (a) (81-87), q); Tgp) ((t1- is ),a)} 

SS max{max{Zy(q) (s1, q), La) (sa, q)}, max{Z¢g)(t1, q); a (ta, q)}}. ( (H, A) and (G, B) are Q-CNSFs) 
= max{max{Zy(a)(s1, 9), Zeca) (t1, 9) }, min{Lu(a) ($2, 9), Z ON ah}. 

= max{Zy(o,3) ($1, t1), Zu(a,8) (sa, to)}. Thus, 


? 


q) 
-1 -1 
-1 q).€ iVu(a,8)((S1-89 ,t1-t2 -),4) 


Aga )((ty.t7" ), q)}.e! max{ Via) ((81-89 +),9) Yea) ((t1-t2*),9)} 
seine), Aga) ((t1-t2"); q).eiv(a) ((ta-tg"),4) ( (H, A) is homogeneous 


) 
); 
4) 
q). 


Tya(o,s) ((81, #1) (82, t2)~1, @) < max{Zy(o,3) ($1, 1), Zat(a,p) ($2, t2)}- 
Likewise, we can establish that: Fiyca,)((s1, t1).(s2, to) a) max{Fiy(«,8) ($1; t1); Fm(a,p) ($2, ta) 
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Thus, the six conditions listed in Theorem (3.5) have been verified. Which proves that (H, A) x (G, B) is a 
Q-CNSF. 


5 Conclusion 


This paper presented the notion of Q-CNSF. We defined and developed the algebraic structures pertaining 
to fields for the Q-complex neutrosophic soft model. We explored the relationship between neutrosophic 
fields in both real space and complex space, shedding light on their interplay. Additionally, we examined the 
cartesian product of Q-complex neutrosophic soft fields. The proposed notion of Q-CNSF presents a novel 
and promising idea within the realm of algebraic structure theory. It has the potential to be extensively utilized 
in the future for solving a wide range of algebraic problems, making it a significant contribution to the field. 
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